We give a sufficient condition for a monomial ideal to have a nonzero Betti number in each multidegree. In the case of facet ideals of simplicial forests, this condition becomes a necessary one and it allows us to characterize Betti numbers, projective dimension and regularity of such ideals combinatorially. Our condition is expressed in terms of minimal facet covers of simplicial complexes.
Introduction
Let Γ be a simplicial complex on the vertices x 1 , . . . , x n and let k be a fixed field. The facet ideal F(Γ) = (x i 1 . . . x i k | {x i 1 . . . x i k } is a facet of Γ)
of Γ is an ideal of S = k[x 1 , . . . , x n ] which is generated by the monomials corresponding to the facets of Γ. In this paper we study the invariants of the minimal free resolution of F(Γ) in terms of the familiar combinatorial properties of Γ. We give a sufficient condition in Corollary 3.4 which ensures a squarefree monomial ideal has a nonzero Betti number in each multidegree. In particular, this condition relies on the existence of a well ordered facet cover for the associated simplicial complex of the ideal. Well ordered facet covers generalize the notion of strongly disjoint bouquets introduced by Kimura [11] and our condition generalizes the main result of [11] from graphs to simplicial complexes. When Γ is a simplicial forest we obtain a description for the Betti numbers of F(Γ) in Theorem 3.7 and this extends the previously known description for the Betti numbers of edge ideals of graph forests given in [11, Theorem 4.1] .
There has been a great interest in combinatorially bounding or computing homological invariants of squarefree monomial ideals, see for example [1, 3, 6, 7, 8, 9, 10, 11, 12, 14, 16, 17, 19, 20] . Katzman [10] proved that when G is a graph, the regularity of S/I(G) is bounded below by the induced matching number of G. Zheng [20] was the first one who showed that such bound is sharp if I(G) is the edge ideal of a graph forest. In fact, many interesting graph families, including chordal graphs [7] , are known to have the regularity of S/I(G) equal to the induced matching number of G. In [16] Morey and Villarreal showed that if Γ is a simplicial complex, then reg(S/F(Γ)) ≥ max s i=1 F i − s | {F 1 , . . . , F s } is an induced matching in Γ (1) which extends Katzman's bound to simplicial complexes. Since simplicial forests are higher dimensional analogues of graph forests, one may expect that their facet ideals attains the bound given above as in the case of edge ideals of graph forests. However one can find examples of simplicial trees for which the regularity is arbitrarily bigger than such bound, see for instance [6, Example 4.11] .
Using well ordered facet covers we improve the bound given in Eq.
(1) and express the regularity of facet ideals of simplicial forests in terms of well ordered facet covers. Prior to our characterization no combinatorial formula was known for the regularity of facet ideals of simplicial forests.
Background

Definitions and Notations
A simplicial complex Γ on a finite vertex set V (Γ) is a set of subsets of V (Γ) such that {v} ∈ Γ for every v ∈ V (Γ) and if F ∈ Γ, then G ∈ Γ for every G ⊆ F . The elements of Γ are called faces and maximal faces with respect to inclusion are called facets. If F 1 , . . . , F q are all the facets of Γ, then we write Γ = F 1 , . . . , F q and say Γ is generated by F 1 , . . . , F q . Also we write Facets(Γ) for the set of facets of Γ. If F is a facet of Γ, then Γ\ F denotes the simplicial complex whose facet set is Facets(Γ) \ {F }. A subcollection of Γ is a simplicial complex ∆ such that every facet of ∆ is also a facet of Γ. If A is a set of vertices of Γ, then the induced subcollection Γ A is the simplicial complex F ∈ Facets(Γ) | F ⊆ A .
A simplicial complex Γ is connected if for any two facets F and G of Γ there exists faces
A facet F of Γ is called a leaf if either F is the only facet of Γ, or there exists a facet G ∈ Γ such that F ∩ H ⊆ G for every facet H = F . By definition, every leaf F of Γ contains a free vertex, i.e. a vertex v such that v / ∈ H for every facet H ∈ Facets(Γ) \ {F }. A simplicial complex Γ is called a simplicial forest if every nonempty subcollection of Γ has a leaf. Moreover, if Γ is connected, then we say Γ is a simplicial tree.
A set of vertices C of Γ is called a vertex cover if F ∩ C = ∅ for every F ∈ Facets(Γ). A set D ⊆ Facets(Γ) is called a facet cover of Γ if every vertex v of Γ belongs to some F in D. A facet cover (respectively vertex cover) is called minimal if no proper subset of it is a facet cover (respectively vertex cover) of Γ.
A set D of facets of Γ is called a matching if the facets in D are pairwise disjoint.
Figure 1: A simplicial tree Γ = F 1 , F 2 , F 3 , F 4 which has the facet ideal
maximum size of an induced matching of Γ is called the induced matching number. If a monomial ideal I is generated by the monomials m 1 , . . . , m q , then we write I = (m 1 , . . . , m q ). One can set a one-to-one correspondence between squarefree monomial ideals in S = k[x 1 , . . . , x n ] and simplicial complexes on the vertex set {x 1 , . . . , x n } via facet ideals. When it is convenient we shall use a face {x i 1 , . . . , x i k } of a simplicial complex Γ interchangeably with the monomial x i 1 . . . x i k unless there is a confusion.
Localization of facet ideals: Suppose that Γ is a simplicial complex on vertices x 1 , . . . , x n and {x i 1 , . . . x i k } is a vertex cover of Γ. Then P = (x i 1 , . . . x i k ) is a prime containing the ideal F(Γ) and by F(Γ) P we mean the ideal of k[x 1 , . . . , x n ] whose monomial generators are identified with those of the localized ideal F(Γ) P . We will make use of the fact that if Γ is a simplicial forest then F(Γ) P is also the facet ideal of a simplicial forest [5] . For example, if Γ is the simplicial complex in Figure 1 , P 1 = (x 1 , x 3 , x 5 ) and P 2 = (x 2 , x 4 , x 6 ), then F(Γ) P 1 = (x 1 x 3 , x 3 x 5 ) and F(Γ) P 2 = (x 2 , x 4 , x 6 ).
Resolutions
Any monomial ideal I of S admits a minimal multigraded free resolution 
It is well known that when I is squarefree, the nonzero Betti numbers lie only in squarefree multidegrees, see for example [18, Theorem 57.9] . Therefore the graded Betti numbers of a squarefree monomial ideal I are given by b i,j (I) = b i,m (I) where the sum is taken over all squarefree monomials m such that deg(m) = j.
If I is the facet ideal of a simplicial forest, then there are restrictions on the value and position of the multigraded Betti numbers as well. 
where F is a leaf of Γ, i ≥ 1 and n is the number of vertices of Γ. Note that by [5, Lemma 4.5] , if Γ is a simplicial forest then F(Γ) P is also the facet ideal of a simplicial forest, making Eq. (2) a recursive formula. We will use this equation in the sequel.
The Lyubeznik Resolution
Let I be a monomial ideal of
of S/I. Although this resolution is not minimal in general, one can use it to compute the graded Betti numbers of S/I since
The following presentation of Lyubeznik resolutions as simplicial resolutions is adopted from [15] . Let M be the set of minimal generators of I. We fix a total ordering m 1 < m 2 < · · · < m s on the elements of M . Let Taylor(I) be the full simplex whose vertex set is M . We label every face F of Taylor(I) with lcm(F ) = lcm(m i | m i ∈ F ) the least common multiple of the vertices belonging to F . For a monomial m ∈ I, define min(m) = min < {m i ∈ M | m i divides m} and for a face F ∈ Taylor(I) define min(F ) = min(lcm(F )).
A face F ∈ Taylor(I) is called rooted (or L-admissable) if for every ∅ = G ⊆ F , the property min(G) ∈ G holds. The rooted faces of Taylor(I) form a simplicial complex Λ I,< which is called the Lyubeznik simplicial complex associated to I and <. The Lyubeznik resolution of S/I is the simplicial resolution supported on Λ I,< . In other words, L i is the free S-module generated by {[F ] : F ∈ Λ I,< and |F | = i}, where [F ] is a symbol for the generator corresponding to the face F . For
Example 2.2. Let Γ be the simplicial complex given in Figure 1 . Let F 1 < F 2 < F 3 < F 4 be an ordering on the facets of Γ. Observe that min({F 2 , F 4 }) = F 1 , so {F 2 , F 4 } is not a face of Λ F(Γ),< . However {F 1 , F 2 , F 3 } and {F 1 , F 3 , F 4 } are rooted and therefore they are the facets of Λ F(Γ),< . The simplicial complexes Taylor(F(Γ)) and Λ F(Γ),< are illustrated in Figures 2 and 3 respectively.
We will make use of the following result which was noted by Barile in [2] .
Theorem 2.3 ([2]
). Let I be a monomial ideal and let < be a total order on the set of minimal generators of I. If there exists a facet
for all j = 1, 2, . . . , i then b i,q (S/I) = 0 where q = lcm(m t 1 , . . . , m t i ).
So, for the example above we can see that {F 1 , F 2 , F 3 } satisfies the assumptions of Theorem 2.3 and thus b 3,6 (S/F(Γ)) = 0.
Resolutions via well ordered facet covers
Definition 3.1 (Well ordered facet cover). A sequence F 1 , . . . , F k of facets of a simplicial complex Γ is called a well ordered facet cover if {F 1 , . . . , F k } is a minimal facet cover of Γ and for every facet H / ∈ {F 1 , . . . , Let F 1 , . . . , F i be a well ordered facet cover of Γ. Then there is a total order < on the facets of Γ such that {F 1 , . . . , F i } is a facet of the Lyubeznik simplicial complex Λ F(Γ),< .
Proof. First note that since {F 1 , . . . , F i } is a minimal facet cover of Γ, we have
for all ℓ = 1, . . . , i. Consider the order 
This contradicts rootedness of {F 1 , . . . , F i , H}.
Corollary 3.4 (Betti numbers from facet covers). Let Γ be a simplicial complex and let m be a squarefree monomial. Suppose that Γ m has a well ordered facet cover of cardinality i.
Proof. Since any minimal facet cover satisfies Eq.(3) the proof follows from applying Theorem 3.3 to Theorem 2.3.
Note that in Proposition 4.3 we show that well ordered facet covers of 1-dimensional simplicial complexes correspond to strongly disjoint bouquets. Therefore the Corollary above generalizes Proposition 2.5 of Katzman [10] and Theorem 3.1 of Kimura [11] .
In [16, Corollary 3.9] Morey and Villarreal gave the lower bound in (1) for regularity of squarefree monomial ideals improving the previously known bounds in [10, Lemma 2.2] and [7, Theorem 6.5]. Using Corollary 3.4 we can further improve the regularity bound mentioned above: Corollary 3.5 (Combinatorial bound for regularity). Let Γ be a simplicial complex and let F 1 , . . . , F s be a well ordered facet cover of some induced subcollection of Γ. Then
In the case of simplicial forests, the Betti numbers are completely characterized by the well ordered facet covers. We set to prove this next by observing how such facet covers behave under localization. Lemma 3.6. Let Γ be a simplicial complex and let F be a facet of Γ that contains a free vertex. Let P = (x i : x i / ∈ F ) be an ideal of k[x 1 , . . . , x n ]. Suppose that F(Γ \ F ) P is the facet ideal of ∆ and V (∆) = V (Γ) \ F . Then the following hold.
(1) If {F 1 \F, . . . , F k \F } is a minimal facet cover of ∆, then {F 1 , . . . , F k , F } is a minimal facet cover of Γ.
(2) If F 1 \ F, . . . , F k \ F is a well ordered facet cover of ∆, then F 1 , . . . , F k , F is a well ordered facet cover of Γ.
Proof.
(1) Assume that {F 1 \ F, . . . , F k \ F } is a minimal facet cover of ∆. Observe that
To see the minimality of {F 1 , . . . , F k , F }, assume for a contradiction one of its elements is redundant. Note that the redundant facet cannot be F since it contains a free vertex of Γ. So say F s is redundant for some s = 1, . . . , k.
Then we obtain
(2) Assume that F 1 \ F, . . . , F k \ F is a well ordered facet cover of ∆. By part (1), {F 1 , . . . , F k , F } is a minimal facet cover of Γ. Let H / ∈ {F 1 , . . . , F k , F } be a facet of Γ. Then we consider two cases:
For the class of simplicial forests, existence of well ordered facet covers characterizes Betti numbers: Theorem 3.7 (Combinatorial description for Betti numbers of simplicial forests). Let Γ be a simplicial forest. Suppose that m is a monomial and i ≥ 1. Then the following are equivalent.
(3) The induced subcollection Γ m has a well ordered facet cover of cardinality i.
In particular, b i,j (S/F(Γ)) is the number of induced subcollections of Γ which have j vertices and which have well ordered facet covers of cardinality i.
Proof. The equivalence of (1) and (2) follows from Theorem 2.1. So we only need to prove that (1) and (3) are equivalent. We may assume that i ≥ 2 since the statement is trivial for i = 1. By [3, Lemma 3.1] , it suffices to prove that b i,n (S/F(Γ)) = 0 if and only if Γ has a well ordered facet cover of cardinality i where n is the number of vertices of Γ. First observe that if Γ has a well ordered facet cover of cardinality i, then b i,n (S/F(Γ)) = 0 follows from Corollary 3.4. Therefore we assume that b i,n (S/F(Γ)) = 0. We will proceed by induction on the number of vertices of Γ. If Γ is not connected, then we can apply [3, Lemma 3.2] to  F(Υ 1 ), . . . , F(Υ k ) where Υ 1 , . . . , Υ k are the connected components of Γ. Then by using Theorem 2.1 we get 0 = b i,n (S/F(Γ)) = b u 1 ,q 1 (S/F(Υ 1 )) . . . b u k ,q k (S/F(Υ k )) for some u 1 , . . . , u k where q 1 , . . . , q k are the number of vertices of Υ 1 , . . . , Υ k respectively and u 1 , . . . , u k satisfy u 1 + · · · + u k = i. But then by induction hypothesis for each t = 1, . . . , k the simplicial tree Υ t has a well ordered facet cover F t 1 , . . . , F t ut . Hence
is a well ordered facet cover of Γ of cardinality i. Now we may assume that Γ is a simplicial tree on the vertices x 1 , . . . , x n . Let F be a leaf of Γ and F(Γ \ F ) (x i : x i / ∈F ) be the facet ideal of ∆. Observe that ∆ has at most n − |F | vertices. By Eq. (2) gives that Γ has a well ordered facet cover of cardinality i which completes the proof. Proof. Immediately follows from Theorem 3.7 and Theorem 2.1.
Remark 3.9. Morey and Villarreal [16, Corollary 3.33] proved that the projective dimension of sequentially Cohen-Macaulay squarefree monomial ideals could be characterized in terms of minimal vertex covers. This implies by [4, Corollary 5.6 ] that the facet ideals of simplicial forests are known to have a closed formula for their projective dimension. However, our formula in Corollary 3.5 is different since it is expressed in terms of minimal facet covers instead of minimal vertex covers.
Example 3.10. Suppose that Γ is the simplicial tree in Figure 1 . We wish to apply Theorem 3.7 to find the Betti numbers of S/F(Γ). Observe that F 1 , F 2 , F 3 is a well ordered facet cover of Γ since F 1 ⊆ F 2 ∪ F 3 ∪ F 4 . Therefore b 3,6 = 1. Since the multigraded Betti numbers come from the induced subcollections we check which subcollections give Betti numbers. We see that Γ has two induced subcollections which are generated by 3 facets, namely Γ x 1 x 2 x 3 x 4 x 5 = F 1 , F 3 , F 4 and Γ x 1 x 3 x 4 x 5 x 6 = F 1 , F 2 , F 4 . These two simplicial complexes are isomorphic and have no well ordered facet covers, so they do not give Betti numbers.
Next, we see that Γ has four induced subcollections which are generated by 2 facets, namely
For each of these subcollections the facet set is the same as the unique minimal facet cover. Therefore they all have well ordered facet covers of size 2 and b 2, where i'th column and j'th row is b i,i+j .
Remark 3.11. Although the Betti numbers of facet ideals of simplicial forests can be described as in Theorem 3.7, it is not possible in general to minimally resolve such ideals by Lyubeznik resolution. In fact, the ideal given in Example 3.10 has no simplicial resolution. To see this, assume for a contradiction that Θ supports a minimal free resolution of S/F(Γ).
Looking at the multigraded Betti number in the third homological degree, we can see that either {F 2 , F 3 , F 4 } or {F 1 , F 2 , F 3 } must be a face of Θ. If {F 2 , F 3 , F 4 } is a face, then {F 2 , F 4 } is a face as well. But then b 2,x 1 x 3 x 4 x 5 x 6 = 0 which is not true. Similarly if {F 1 , F 2 , F 3 } is a face, then {F 1 , F 3 } is a face and we get b 2,x 1 x 2 x 3 x 4 x 5 = 0, a contradiction.
In [1] Bouchat, Hà and A. O'Keefe studied path ideals of rooted trees. Using the mapping cone construction they obtained numerical formulas for the invariants of such ideals. Since the path ideal of a rooted tree is the facet ideal of a simplicial tree [9, Corollary 2.9], our results provide a new combinatorial method to study path ideals of rooted trees. Note that not every facet ideal of a simplicial tree is the path ideal of a rooted tree. Therefore our approach is more general in this setting.
Well ordered edge covers of graphs
In this section we will show that well ordered edge covers of graphs correspond to certain bouquet (star) subgraphs.
Let G be a finite simple graph with the vertex set V (G) and the edge set E(G). A bouquet is a graph B with V (B) = {r, z 1 , . . . , z d } and E(G) = {{r, z i } | i = 1, . . . , d} where d ≥ 1.
We say that H is a subgraph of G if the vertex set and edge set of H are contained in those of G. If a bouquet B is a subgraph of G, for simplicity we say that B is a bouquet of G. Let B = {B 1 , . . . , B q } be a set of bouquets of G. We set E(B) = ∪ q i=1 E(B i ) and
Moreover, if for every k = 1, . . . , q there exists e k ∈ B k such that {e 1 , . . . , e q } is an induced matching in G, then B is called a strongly disjoint set of bouquets in G. We say that G contains a strongly disjoint set of bouquets if there exists a strongly disjoint set of bouquets B of G such that V (G) = V (B).
Remark 4.2. It is a well known fact in graph theory that if D is a minimal edge cover of a graph G, then there is a set B of disjoint bouquets in G such that E(B) = D. To see this, observe that if H is a cycle or path subgraph of G containing at least 3 edges, then E(H) is not contained in D because of the minimality of D. (1) G has a well ordered edge cover d 1 , . . . , d n for some n.
(2) G contains a strongly disjoint set of bouquets B with E(B) = {d 1 , . . . , d n }.
Proof. First suppose that G has a well ordered edge cover d 1 , . . . , d n . Then by Remark 4.2 there exists a set T = {T 1 , . . . , T q } of disjoint bouquets with E(T) = {d 1 , . . . , d n }. We claim that T is strongly disjoint. Let s p = max{i | d i ∈ E(T p )} for every p = 1, . . . , q. We will show that {s 1 , . . . , s q } is an induced matching. Let h / ∈ {d 1 , . . . , d n } be an edge of G. Then d ℓ ⊆ h ∪ d ℓ+1 ∪ · · · ∪ d n for some ℓ ≤ n − 1. Since the edges are of size 2 we have d ℓ ⊆ h ∪ d k for some k > ℓ. Therefore d ℓ and d k belong to the same bouquet of T. Hence there is no h / ∈ {d 1 , . . . , d n } which intersects s i and s j where i = j. Conversely, suppose that G contains a strongly disjoint set of bouquets B = {B 1 , . . . , B q } where E(B p ) = {e p 1 , . . . , e p tp , s p } for every p = 1, . . . , q and {s 1 , . . . , s q } is an induced matching in G. It is clear that E(B) is a minimal edge cover of G. We claim that E(G) \ {s 1 , . . . , s q }, s 1 , . . . , s q is a well ordered edge cover of G where the edges in E(G)\{s 1 , . . . , s q } are listed in any fixed order.
Let h ∈ E(G) \ E(B). Observe that since {s 1 , . . . , s q } is an induced matching, h ∩ (∪ q r=1 s r ) has size at most one. Therefore h contains at least one vertex which do not belong to ∪ q r=1 s r . Then there exists p ∈ {1, . . . , q} and 1 ≤ j ≤ t p such that e 
